An accurate and fast analysis for strongly interacting multiple crack configurations including kinked (V) and branched (Y) cracks  by Yavuz, A.K. et al.
International Journal of Solids and Structures 43 (2006) 6727–6750
www.elsevier.com/locate/ijsolstrAn accurate and fast analysis for strongly interacting
multiple crack conﬁgurations including
kinked (V) and branched (Y) cracks
A.K. Yavuz a,*, S.L. Phoenix a, S.C. TerMaath b
a Department of Theoretical and Applied Mechanics, Cornell University, Ithaca, NY 14853, USA
b Applied Research Associates, Inc., Fort Worth, TX 76109, USA
Received 31 May 2005; received in revised form 6 February 2006
Available online 14 February 2006Abstract
In this study, multiple interacting cracks in an inﬁnite plate are analyzed to determine the overall stress ﬁeld as well as
stress intensity factors for crack tips and singular wedges at crack kinks. The problem is formulated using integral equa-
tions expressed in terms of unknown edge dislocation distributions along crack lines. These distributions derive from an
accurate representation of the crack opening displacements using power series basis terms obtained through wedge eigen-
value analysis, which leads to both polynomial and non-polynomial power series. The process is to choose terms of the
series and their exponents such that the tractions on the crack faces are virtually zero compared to the far ﬁeld loading.
Applying the method leads to a set of linear algebraic equations to solve for the unknown weighting coeﬃcients for the
power series basis terms. Since no numerical integration is required unlike in other methods, in most cases, solution takes
just a few seconds on a PC. The accuracy and eﬃciency of the method are ﬁrst demonstrated with a simple example of
three aligned cracks with small ligaments between their tips under tensile loading. The results are compared to exact results
as well as to those of other numerical methods, including recent FIE, FEM and BEM approaches said to have fast com-
putation times. Thereafter, some new and challenging crack interaction problems including branched Y-cracks, two kinked
V-cracks are solved. From a parametric study of the various crack conﬁgurations, stress intensity factors are graphed and
tabulated to demonstrate subtleties in the magnitudes of the crack interactions.
 2006 Elsevier Ltd. All rights reserved.
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Development of analytical methods to calculate the stresses around multiple interacting cracks in elastic
solids (Fig. 1) has been an important but diﬃcult research problem for many decades. Such crack interaction0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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Fig. 1. Multiple interacting cracks in an inﬁnite plate and the usual solution technique involving superposition of solutions to a trivial
problem and an auxiliary problem.
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in tracking damage evolution in poly-crystalline and multiphase materials in general. In an array of cracks, the
strengths of the interactions are strongly dependent on their local geometry, placement, orientation and espe-
cially on the proximity of crack tips relative to the crack lengths. Interactions that do not adversely aﬀect stiﬀ-
ness, may greatly reduce the strength and fatigue life of a structure, and vice versa. One can ﬁnd hundreds of
studies in the literature using various analytical and numerical methods to treat multiple crack problems.
Reviews of various methods from the perspective of the goals of the current paper are given in Burton and
Phoenix (2000) and TerMaath (2000). Also, two monographs, namely Hills et al. (1996) and most recently
Chen et al. (2003), discuss methods closely related to the one used here. Multiple interacting crack problems
have also been treated in Helsing (2000) and Helsing and Jonsson (2004) for rectangular plates the former
using fast multipole techniques and the second using special 1/2-power weight functions reﬂecting the singular
stress ﬁelds at crack tips. Neither paper deals speciﬁcally with crack kinks or branches and the former does not
compute stress intensity factors for crack tips, but focuses rather on overall stiﬀness reduction in the plate.
Kachanov (2004) gives a useful review of various approaches and the formidable diﬃculties that arise in
attempting to deal with closely interacting cracks and their coalescence. Further comments on these works will
appear in the last section.
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(2000) for two-dimensional (2D) problems and further developed in TerMaath (2000). The problem is formu-
lated using integral equations expressed in terms of unknown edge dislocation distributions along crack lines.
These distributions derive from an accurate representation of the crack opening displacements (ODs) using
power series basis terms obtained through wedge eigenvalue analysis. Thus both polynomial and non-polyno-
mial power series are involved in the basis. The process is to choose the series terms with exponents and
weights such that the tractions on the crack faces are as close to zero as possible (in comparison to the mag-
nitude of the far ﬁeld loading), which is rarely checked in other methods. We note that the current approach is
diﬀerent from Kachanov’s inﬂuence function method, which is based on representing crack-line tractions with
polynomials (e.g., Li et al., 2003) and does not work well for crack tips in very close proximity or for kinked
cracks, as was pointed out in Kachanov (2004) and will be revisited in the ﬁnal section.
The novelty of the current method is its direct applicability to multiple kinked cracks since the power series
representation of the crack opening displacements naturally generates the appropriate stress singularities and
their exponents (Modes I and II) in the material wedges at the crack kinks even when the angles between crack
arms are very small and crack tips are close to each other relative to the crack characteristic lengths. An ori-
ginal and crucial feature of the method of Burton and Phoenix (2000) is to evaluate all integrals in terms of
closed form expressions rather than using numerical integrations or quadratures typical of other methods, as
described for instance in the monographs of Hills et al. (1996) and Chen et al. (2003). The current paper
directly incorporates these eigenvalues in treating challenging problems involving interactions between
branched arms of a Y-crack, two kinked V-cracks in both staggered and tightly nested conﬁgurations (the lat-
ter with both Mode I and Mode II wedge singularities) as well as multi-crack geometries combining these
shapes with skewed single cracks. The analysis is performed for diﬀerent far ﬁeld loading conditions such
as uniaxial, biaxial, shear and combined loading.
In the current application of the method we employ a new point allocation scheme that concentrates points
near wedge tips according to the strengths of the singularities there. We also investigate the eﬀects of relaxing
certain naturally arising constraints on wedge tip distortions given in Burton and Phoenix (2000), especially at
the joints of bisected cracks modelled as two segments. Furthermore, we use modiﬁed polynomial basis factors
in the power series representing crack opening displacements to eliminate possible near redundancy in power
terms, and thus, improve numerical stability. Lastly, we analyze interactions between very closely spaced crack
tips for various crack geometries, and study the eﬃciency of the method in such circumstances, an aspect not
explicitly treated in Burton and Phoenix (2000).
To elaborate further, an opening displacement proﬁle (ODP) is a vectorial plot of top to bottom distance
between points originally adjacent on the faces of the undeformed crack but separated in response to the
applied boundary conditions (BCs), i.e., far-ﬁeld loading; these openings typically have both normal and tan-
gential components. To solve this boundary value problem (BVP) we employ the usual approach of super-
position of the solutions to the trivial problem (TP) (far-ﬁeld loaded, inﬁnite plate without cracks) and the
auxiliary problem (AP) (unloaded plate with cracks pried open with suitable ODPs built from the power series
of basis terms (Fig. 1)) such that, after the superposition, the crack faces are virtually traction-free as in the
original BVP. Applying the method leads to a set of linear algebraic equations to solve for the weighting coef-
ﬁcients of the terms in ODP power series that result in the nulling of the tractions.
These ODP basis components are categorized in terms of polynomial terms (tN, N = 0,1,2, . . .) and wedge
terms (tq+M, 0 < q < 1, and M = 0,1,2, . . .) where t is a local coordinate directed along the crack line from a
tip, a kink, or a branch point. Also q is a corresponding tip or material wedge eigenvalue associated with a
stress singularity, as occurs at a tip, a kink, and possibly at a branch. Once the coeﬃcients of the ODP com-
ponents are determined, one can easily calculate from certain of these coeﬃcients the Modes I and II stress
intensity factors (SIFs) for the stress singularities in the material wedges at the crack tips and kinks. One
strength of the method is that we can also calculate the stress and displacement ﬁelds on the entire body as
sums of the closed-form, classical functions obtained from the integral evaluations.
In the sections that follow we ﬁrst outline the theory of dislocation-based, inﬂuence ﬁelds and describe the
overall solution procedure. We then generate speciﬁc results for 2D problems to compare to earlier exact
results by Sih (1964) and Murakami (1987) as well as those obtained using approximate solution techniques,
which are the modiﬁed Kachanov method (MKM) by Li et al. (2003), ﬁnite element method (FEM) by Dong
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Fredholm integral equations (FIE) by Englund (2005, 2003a,b). The accuracy and eﬃciency of the current
method are demonstrated in tabulated comparisons and supporting ﬁgures.
We then treat more challenging problems involving (i) interactions between branched arms of a Y-crack,
(ii) two kinked V-cracks stacked in various arrangements and spacings, and (iii) a multi-crack geometry com-
bining two skewed single cracks with a V-crack and a Y-crack in both a moderately spaced and a closely
spaced conﬁguration. The analysis is performed for various far-ﬁeld loading conditions. Except for the most
challenging cases, all presented problems are solved in a short time in MATLAB (Release 14) with a notebook
PC (Intel Pentium 4, 2.4 GHz CPU, 512 MB RAM). It takes only 23 s to calculate SIFs for a multi-crack
problem involving nine crack segments, and many other cases in the paper take as few as 2 or 3 s.
2. Dislocation based inﬂuence ﬁelds for crack segments
In the 2D problems considered we construct certain ODPs, whose derivatives are edge dislocation distribu-
tions EDDs, to ultimately generate crack-face tractions satisfying (approximately but to very high accuracy)
those prescribed in the AP. Conceptually, we ﬁrst imagine ﬁxing a local Cartesian x–y coordinate system to an
inﬁnite plate, and imagine a simple edge dislocation ED formed along a slit coincident with the positive x-axis.
This ED causes a constant relative displacement (u+  u), with tangential ðuþx  ux Þ and normal ðuþy  uy Þ
components, of the upper face of the cut (+) with respect to the bottom face () and extending from the origin
to inﬁnity (Fig. 2(a)). Such an ED is deﬁned by a Burger’s vector (b) at the origin, with tangential (b1) and
normal (b2) components representing glide and climb dislocation components, respectively. The stress (r)
and displacement (u) ﬁelds induced by this ED are adapted from the description in Hills et al. (1996) where
we interpret the standard deﬁnition of the dislocation symbol to represent what is seen in Fig. 2(a) and (b)
where both the b1 and b2 components act on the local x-axis. The top face is taken as ‘+’ to give a sign con-
vention consistent with the sign conventions typically used for Modes I and II deformation of crack tips.
These ﬁelds areFig. 2.
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; h ¼ tan1 y=xð Þ ð3Þand where G is the shear modulus, m is Poisson’s ratio, and j is Kosolov’s constant, being (3  4m) for plane
strain and (3  m)/(1 + m) for plane stress. Note that the displacements have been interpreted in terms of taking
limits in x and y approaching the bottom face from below or the top face from above, and h is measured from
the positive x-axis such that the dislocation shifts top and bottom faces symmetrically or anti-symmetrically as
appropriate relative to the x-axis. The above result also applies to an ED extending to the right of position t
along the x-axis, upon replacing x by x  t.
Next we consider a single straight crack segment of length a, which is aligned along the x-axis of the present
coordinate system and has its left end at the origin, i.e., along 0 < x < a and y = 0. We can use the above dis-
location results to model the opening displacement as well as the stress and displacement ﬁelds around this
crack segment. To do this we consider the superposition of an inﬁnite number such EDs having inﬁnitesimal
Burgers vectors db(t) of varying magnitude and with left endpoints now uniformly and continuously distrib-
uted in the distance variable t along the crack line segment as measured from the left end. Note that to rep-
resent the ODP of a crack, as shown in Fig. 2(b), the inﬁnitesimal Burgers vectors must change sign on the
right half relative to the left half to close down the crack at the right end.
More generally there may be jumps in the openings at the segment ends, x = 0 or x = a, when such a seg-
ment begins or ends at a kink or branch of the overall crack system as in Fig. 1 so the Burgers vector contri-
bution at such points will be ﬁnite. Later we will also bisect straight cracks into two segments so the joint will
be viewed as a wedge of angle p. Thus the opening proﬁles of segments must often mate to those of adjoining
segments to yield the correct opening proﬁle for the system. This feature is not reﬂected in Fig. 2(b), but is
accounted for in our general procedure.
The inﬁnitesimal distribution of Burgers vectors is captured in the dislocation distribution weighting func-
tion (l) deﬁned aslðtÞ ¼ dbðtÞ
dt
ð4Þwhere t remains as the distance variable along the line of the crack segment. Replacing b by db(t) in (1) and (2)
(taking care to properly treat jump conditions at crack segment ends with the appropriate delta functions) and
integrating in t along the crack segment directly yields the stress and displacement ﬁelds resulting from the
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ðz tÞ2 ðj ¼ 1; 2Þ ð7Þand z = x + iy, i ¼ ﬃﬃﬃﬃﬃﬃ1p , Re(z) = x and Im(z) = y. In the above complex expressions we note that z = x + iy
corresponds to the local coordinate system x–y for the crack segment. For the power series basis terms we use
to model crack segment ODPs, the crucial details of which we describe shortly, all integrals in (7) can be eval-
uated in closed form as given in Burton and Phoenix (2000) and TerMaath (2000). These results are the foun-
dation to developing the solution method.
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In a typical multi-crack problem there will be many crack segments that must be indexed by i = 1, . . . ,C
where C is the total number, and these segments may have diﬀerent lengths, a1, . . . ,aC, and geometric orien-
tations. They will be interconnected and treating them as a system will require working both in terms of local
coordinate systems, zi = xi + iyi for the individual crack segments and a global X–Y coordinate system for the
overall crack system in the inﬁnite plate. This must be kept in mind in developing the solution.
The solution procedure is as follows: The unknowns are the coeﬃcients of the basis functions given by (15)
and (16). Traction-free boundary conditions on crack faces are satisﬁed along carefully chosen allocation
points using (5)–(7) where closed-form formulas, arising from the Cauchy type integrals involving the basis
functions, are given by (17)–(19). The resulting algebraic equation system is solved by the Least Squares
Method. Once the coeﬃcients are calculated, all stress and displacement ﬁelds are determined. Also, all SIFs
for crack tips and singular wedges at crack kinks are given by the corresponding coeﬃcients of basis functions.
As in other papers on crack problems, we present results in terms of these SIFs, although through (5)–(7) and
the formulas (17)–(19) we have in hand closed-form expressions for the full stress ﬁeld.3.1. Traction-free conditions for multiple crack systems
To satisfy the traction-free condition on each crack segment in the actual BVP, the tractions arising in the
TP and the AP must sum to zero along all crack surfaces, as seen in Fig. 1 (neglecting possible interference).
Letting T1 and T2 denote the tangential and normal crack face tractions, respectively, and applying subscripts
TP and AP as appropriate to denote the traction component sources, then in terms of the global coordinate
system X–Y we have for the crack face tractionsT 1TP þ T 1AP ¼ 0 ð8Þ
T 2TP þ T 2AP ¼ 0 ð9ÞThe tractions in the TP are given asT 1TP ¼ nXr1XX þ nYr1XY ð10Þ
T 2TP ¼ nXr1XY þ nYr1YY ð11Þwhere r1XX , r
1
YY , r
1
XY are the far-ﬁeld stresses applied to the inﬁnite plate and nX and nY are the components of
the crack surface normals (e.g., bottom surface of Fig. 2(b)) but expressed in the global X–Y coordinate
system.
By superimposing the individual traction inﬂuences of the C crack segments (analyzed individually in the
body as in the previous section), the traction components at some location on a crack face in the full crack
system in the AP can be expressed asT 1AP ¼ nX
XC
i¼1
sðiÞXX þ nY
XC
i¼1
sðiÞXY ð12Þ
T 2AP ¼ nX
XC
i¼1
sðiÞXY þ nY
XC
i¼1
sðiÞYY ð13ÞHere the traction components, sðiÞXX , s
ðiÞ
XY , s
ðiÞ
YY , on the right-hand sides of (12) and (13), expressed in global X–Y
coordinates, must be derived from the stress components given by (5) in local coordinates xi–yi for each crack
segment where evaluation occurs at the location of the crack face point in question in terms of the local coor-
dinate system. For each local coordinate system xi–yi these traction components must be transformed to the
global coordinate system X–Y before superposition in (12) and (13).
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Next we describe the approximating basis functions used to represent the tangential and normal ODPs
denoted, respectively, as bðiÞ1 and b
ðiÞ
2 corresponding to the individual crack segments i = 1, . . . ,C. The ODP
of a given crack segment requires a representation in terms of special power series emanating from each
end and terminating smoothly at the opposite end. In the individual terms of these power series, the non-inte-
ger exponents, denoted by q, are certain eigenvalues that arise from the solution of classical wedge problems
Williams (1952) associated with wedges at the segment ends that have singular stresses. Thus, these q values
are real and satisfy 1/2 < q < 1. Such singular wedges occur at crack tips and kinks and may also occur at
branches. Therefore, at the end of each crack segment there could be none, one, or two applicable values
depending on the values of the associated wedge angles. At a kink there will be one or two, but at a branch
it is possible to have none, i.e., no singular stresses.
When they occur such stress singularities are associated with two possible types of wedge distortions: sub-
scripts k = 1,2 denote, respectively, whether a q value represents a symmetric Mode I (smallest q value) or an
anti-symmetric Mode II (next smallest q value) distortion. At a segment end, the number of such exponents
associated with singular stresses depends on the adjoining wedge angle, x (the angle encompassing the wedge
material is 2p  x as in Fig. 3). For 0.570p < x < p there is only one such q value and it is associated with a
Mode I singularity. (A Mode II distortion occurs but it is not singular as the eigenvalue (real part) exceeds
unity.) For 0 < x < 0.570p there are two such q values, the larger associated with a Mode II singularity
and the smaller with a Mode I singularity. For x = 0, corresponding to a crack tip both Mode I and Mode
II q values are 1/2. These singular wedge distortions are accommodated in the wedge power series introduced
below.
The eigenvalues 0 and 1 also occur and are very important in treating the AP. The ﬁrst, 0, corresponds to
wedge translation (normal and tangential) in terms of constant displacements. The second, 1, plays three roles:
the ﬁrst and more obvious role is wedge rotation about its tip, and this involves equal and opposite normal
wedge surface displacements that are linear in distance from the wedge tip. The second role of the eigenvalue,
1, involves more subtle forms of wedge distortion such as linear tangential displacements of the wedge sur-
faces, which are needed in the AP to compensate the opposite linear displacements (constant strains) arising
from the TP. Since the TP also generates angle changes in the virtual crack lines, the third role is similar to the
ﬁrst but involves linear normal displacements of the wedge surfaces that generate wedge angle changes. All
these possible types of distortions are accommodated in the polynomial series introduced below, as discussed
in Burton and Phoenix (2000).
For wedges with singular stresses there are also an inﬁnite number of eigenvalues exceeding 1 in magnitude
and these may be real or complex depending on the angle x < p (where the real parts also exceed 1). The mat-
ing wedges, though having no singular stresses, also have an inﬁnite number of eigenvalues (other than 0, or 1)
that are possibly complex but have real parts exceeding 1. A stumbling block to considering complex eigen-
values directly is that integrals resulting from them cannot be treated in closed form. However none of these
eigenvalues involve singularities and we ﬁnd the solution process to be more eﬃcient and stable if we approximateFig. 3. Schematic of point allocation along a crack segment where the density of points is greater near kinks depending on the severity of
the stress singularity there.
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an integer, as is done below.
The surface displacements of the wedges in Williams’s analysis are absolute displacements in terms of
power functions whose exponents are the eigenvalues. However, we use these functions as a basis for the open-
ing displacements between two mating wedges. This is possible since the singular q-eigenvalues for a given
wedge do not coincide with any for its mate so the associated opening displacement terms excite absolute dis-
placements in only one wedge and not the other; otherwise singular tractions would be induced on the mating
wedge surface. The eigenvalues 0 and 1 are common to all wedges and present no diﬃculty in this respect. In
essence, the validity of the solution method rests in the fact that not only do the resulting tractions have no
singularities, they must be virtually zero on all the crack faces.
A ﬁnal point is that the exponents used in the various series must be reasonably well separated in value or
numerical instabilities will occur due to near redundancy in terms. Ultimately, the accuracy of the solution is
tied to the accuracy with which the computed crack face tractions match those prescribed from the BVP.
Improper treatment of wedge distortions and singularities will show up as noticeable traction errors, as dem-
onstrated in Burton and Phoenix (2000) and TerMaath (2000).
The ODP series for a given crack segment i is built up from power functions using all the above exponents
depending on the adjoining wedge angles, and is written below in terms of distance t along its crack line mea-
sured from its left end in the context of Fig. 2. Its ODP series takes the formbðiÞj ðtÞ ¼ P 1ðiÞj ðt=aiÞ þ W 1ðiÞq1ðiÞ
1
j
ðt=aiÞ þ W 1ðiÞ
q1ðiÞ
2
j
ðt=aiÞ þ P 2ðiÞj ð1 t=aiÞ þ W 2ðiÞq2ðiÞ
1
j
ð1 t=aiÞ þ W 2ðiÞ
q2ðiÞ
2
j
ð1 t=aiÞ
ð14Þwhere PrðiÞj represents a polynomial series and W
rðiÞ
qrðiÞ
k
j
represents either a tip series (q = 1/2) or a wedge series
(1/2 < q < 1) for the ith crack segment. Here j = 1,2 denotes whether the series represents a tangential or a
normal opening, respectively, and r = 1,2 denotes whether the series emanates from the left end or the right
end of the segment, respectively as accommodated by replacing t with ai  t.
The approximating polynomial and wedge series, respectively, have the general formsP jðsÞ ¼
XN2
l¼0
pjl½sl  ðN  lÞsðN1Þ þ ðN  l 1ÞsN  ð15ÞandW qjðsÞ ¼
XM2
l¼0
wqjl½sðqþlÞ  ðM  lÞsðqþM1Þ þ ðM  l 1ÞsðqþMÞ ð16Þwhere s is either t/a or 1  t/a when used in (14) so 0 6 s 6 1, and N and M are the respective degrees of the
approximating series. The forms of these series were chosen by TerMaath (2000) to give zero displacements
and zero slopes at s = 1 thus avoiding introducing singularities at the opposite ends. When using these series
we must add appropriate subscripts, i, toM and N, to the weighting coeﬃcients p and w, and to the exponents
q. Note thatM and N may be diﬀerent for the two segment ends and should be subscripted accordingly. Also,
for the polynomial series and for interior segments (no crack tip at either end), N is permitted to exceed 3 for
only one segment end, but the N values for each end must be at least 3. Finally, for a segment where one end is
a crack tip, a polynomial series is not used for that end but only the wedge series.
Except for a crack tip the values of q, being eigenvalues of the characteristic equation for a particular
wedge, must be determined numerically; thus they are accurately approximated by rational numbers (fractions
i.e., q  a/b where a and b are integers). This allows closed form evaluation of the integrals in (7) upon substi-
tuting (15) and (16) into (14). For the individual integrals in (7) arising from the various terms in (15) and (16),
which involve powers in ti/ai or 1  ti/ai in their integrands, closed form expressions of Z0, Z1 and Z2, which
are necessary for the full stress ﬁeld, which includes SIFs, and displacement ﬁeld calculations, are given as fol-
lows (Burton and Phoenix, 2000; TerMaath, 2000):
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PN
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 q Pb1
k¼0
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z
za
  1za ; bðsÞ ¼ s1
 NaN
PN1
k¼1
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 qz1qaq
Pb1
k¼0
e2pikq ln 1 a1=b
z1=be2pik=b
	 

 1za ; bðsÞ ¼ sq ¼ sa=b
8>>>>><
>>>>>:
ð18Þ
Z2 ¼
1
z2  1ðzaÞ2 ; bðsÞ ¼ s0
1
zðzaÞ  1ðzaÞ2 ; bðsÞ ¼ s1
 NaN
PN1
k¼1
ðN1kÞakzN2k
k

þðN  1ÞzN2 ln zaz
  azN1zðazÞ

 1ðzaÞ2 ; bðsÞ ¼ sN ; N > 2
q
zðzaÞ  qð1qÞz2qaq
Pb1
k¼0
e2pikq ln 1 a1=b
z1=be2pik=b
	 

 1ðzaÞ2 ; bðsÞ ¼ sq ¼ sa=b
8>>>>>>>>>><
>>>>>>>>>>:
ð19ÞNote that integrals for sq+M terms can be reduced to integrals for sq terms.
3.3. Constructing the solution and solving for the power series coeﬃcients
Upon evaluating all the integrals in (7) arising from the ODP power series (15) and (16) and substituting the
results into (5) and (6), we obtain expressions for the stress and displacement ﬁelds around crack segment i in
the absence of all other crack segments and in local coordinates. Superposition of these series solutions for
i = 1, . . . ,C yields an accurate approximate solution to the BVP, provided all the coeﬃcient values for terms
in the various series are speciﬁcally chosen so as to satisfy as closely as possible the prescribed crack surface
traction condition on each crack segment in the full crack system, as given by (10) and (11). This approximate
traction matching has two important aspects:
(i) The matching is actually done at an arbitrary but carefully chosen set of allocation points along each
crack segment, none of which are at crack tips, kinks or branch points, as illustrated in Fig. 3. The trac-
tions are minimized in mean-square by adjusting the coeﬃcient weights in the full solution, and this
requires a least-squares solution of a set of linear algebraic equations in terms of these unknown weight-
ing coeﬃcients. One added beneﬁt is that we can determine an error estimate of how well the tractions
calculated by the method actually match those prescribed. It also turns out to be beneﬁcial to allocate
increased numbers of points near the end points of segments when material singularities exist there.
(ii) It is still possible for tractions to be singular very near kinks or branch points, but this can be prevented
if naturally arising constraints are imposed on certain coeﬃcients in the power series applied to adjoining
crack segments of equal length a on each side of a kink with angle x, as discussed originally in Burton
and Phoenix (2000) and also in TerMaath (2000). The most obvious are the constraints for the jump
opening caused by s0 terms in the polynomial series in (15), which are
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p1ð2Þ20
( )
¼  cosðxÞ sinðxÞ sinðxÞ cosðxÞ
 
p1ð1Þ10
p1ð1Þ20
( )
ð20ÞNext are the coeﬃcient constraints for the slope discontinuity associated with the s1 terms in (15)p1ð2Þ20 ¼ p1ð1Þ20 ; p1ð2Þ10 ¼
p1ð1Þ10 ; x ¼ p
p1ð1Þ10 ; x ¼ p2
p1ð1Þ10 ¼ 0; x 6¼ p; p2
 
8>><
>: ð21ÞThird are the coeﬃcient constraints to eliminate traction singularities that could otherwise arise from the sq
terms in (16). These are as follows:
Symmetric eigenvalue (Mode I), q1w1ð2Þq120 ¼ w
1ð1Þ
q120
; w1ð2Þq110 ¼ w
1ð1Þ
q110
¼ 1þ Bðq1Þ
Aðq1Þ
w1ð1Þq120 ð22ÞAnti-symmetric eigenvalue (Mode II), q2w1ð2Þq220 ¼ w
1ð1Þ
q220
; w1ð2Þq210 ¼ w
1ð1Þ
q210
¼ 1 Bðq2Þ
Aðq2Þ
w1ð1Þq120 ð23ÞwhereAðqÞ ¼  ð1þ qÞ sinðxÞ cos½qðx pÞ
cosðqpÞ ð24Þ
BðqÞ ¼ cosðxÞ cos½qðx pÞ þ q sinðxÞ sin½qðx pÞ
cosðqpÞ ð25ÞFor an arbitrary crack segment of length a, we allocate points according to the singularities occurring at the
ends of the crack segment. A point allocation scheme that generally works well (Fig. 3) is the union of up to
four sets of points allocated along the crack segment, with up to two sets from each end. Their spacings are
aﬀected by the strengths of the singularities to which they are associated. These sets are described as follows:tk1
1
¼ a k
1
1
n11 þ 1
 1=q1
1
; k11 ¼ 1; . . . ; n11 ð26Þ
tk1
2
¼ a k
1
2
n12 þ 1
 1=q1
2
; k12 ¼ 1; . . . ; n12 ð27Þ
tk2
1
¼ a 1 1 k
2
1
n21 þ 1
 1=q2
1
" #
; k21 ¼ 1; . . . ; n21 ð28Þ
tk2
2
¼ a 1 1 k
2
2
n22 þ 1
 1=q2
2
" #
; k22 ¼ 1; . . . ; n22 ð29Þwhere n11, n
1
2, n
2
1 and n
2
2 are the numbers of allocation points associated with q
1
1, q
1
2, q
2
1 and q
2
2, respectively,
which are the wedge eigenvalues for the singularities corresponding to wedge angles x1 and x2 at the ends
of the crack segments. If only one singularity exists at an end or the end is a crack tip in which the q values
are repeated, the irrelevant set must be eliminated. Note also that for a bisected crack whereby the kink angle
is actually p, there is no singularity and we have only one q value taken as 1. In general, the total number of
points allocated along the crack segment is therefore n ¼ n11 þ n12 þ n21 þ n22 and note that point allocation is
denser near crack tips or kinks. For each crack segment we ﬁnd that taking n to be about double the degrees
of freedom (DOF), as determined by the chosen M and N values, ensures that the number of columns in the
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estimate.
The above allocation scheme diﬀers from the one in TerMaath (2000) in that q replaces 1  q and all sin-
gular q values are considered for each segment end. There is little practical diﬀerence in the allocation scheme
for crack tips since q = 1  q = 1/2, but for kink angles near p radians whereby q approaches 1 the present
scheme gives a more uniform distribution of points near the kink rather than an increased local density.
4. Results and discussion
Unless otherwise noted, in all examples below the crack arm lengths of branched and kinked cracks are a.
The half-lengths of straight cracks are also a since these are each subdivided into two segments with a kink
angle of p radians at the joint. Furthermore, all examples are for the case of plane stress in an inﬁnite isotropic
plate with m = 0.3 and various far ﬁeld loadings are speciﬁed in the examples.
4.1. Three collinear cracks
To demonstrate the eﬃciency of the present method, results are obtained for an inﬁnite plate with three
collinear cracks of length 2a and with the two ligaments between the interior crack tips having width d, as
shown in Fig. 4. The plate is under simple far-ﬁeld tension r1YY perpendicular to the common crack axis with
r1XX ¼ r1XY ¼ 0. Since each crack is partitioned into two segments, the joint end of each segment is its origin in
local coordinates, and since the wedge angle at the joint is p radians we simply have q11 ¼ 1. The opposite end
of each segment has a crack tip, and thus, q21 ¼ 1=2.
Unless noted otherwise we takeM = N = 10 for each segment but note that the joint end can only have the
polynomial series since the wedge series would be redundant, and the tip does not have the polynomial series.
Based on (15) and (16) and associated discussion we therefore have 36 degrees of freedom (DOF) per segment
before applying any constraints and ignoring symmetry. For point allocation we take n11 ¼ 40, and by (26)
with q11 ¼ 1 these points are uniformly spaced along each segment. We also take n21 ¼ 40 and by (28) with
q21 ¼ 1=2 these points become more closely spaced at the tip. The closest allocation point to the tip is at dis-
tance a/1600. The total number of allocation points per segment is n = 80 with 480 points in total, and the
total DOF is 216.
In our method the SIFs for a crack tip are proportional to the coeﬃcients of the corresponding basis terms
in (16) and are given by TerMaath (2000) asFig. 4. Three collinear cracks in an inﬁnite plate under simple tension.
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210
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( )
ð30ÞFor normalization purposes we take K0I ¼ r1YY
ﬃﬃﬃﬃﬃ
pa
p
, which applies to a single isolated crack of length 2a in an
inﬁnite plate under tension.
Tables 1 and 2 compare SIF results for our method versus those from the exact formulas of Sih (1964) given
byKAI ¼ r1YY
ﬃﬃﬃﬃﬃ
pc
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
c2  b2
s
1 EðaÞ
KðaÞ
 
ð31Þ
KBI ¼ r1YY
ﬃﬃﬃﬃﬃ
pb
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  a2
c2  b2
s
c2  a2
b2  a2
EðaÞ
KðaÞ  1
 
ð32Þ
KCI ¼ r1YY
ﬃﬃﬃﬃﬃ
pa
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
b2  a2
s
EðaÞ
KðaÞ ð33Þwherea ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
c2  b2
s
; c ¼ 3aþ d; b ¼ aþ d ð34Þ
EðaÞ ¼
Z p=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a2 sin2 u
q
du; KðaÞ ¼
Z p=2
0
duﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a2 sin2 u
q ð35Þ
We computed the exact results directly from these formulas (where the elliptic integrals must be evaluated
numerically) rather than using the often-quoted numerical results in the handbook of Murakami (1987) since
we found the latter values to be slightly in error. For larger ligament widths the tables also give results from1
arison of normalized SIFs ðKI=K0I Þ of exact Sih (1964), MKM (Li et al., 2003) and the present method for three collinear cracks
Tip A Tip B Tip C
Exact MKM Present Exact MKM Present Exact MKM Present
1.0686 1.0686 1.0686 1.1388 1.1384 1.1388 1.1675 1.1672 1.1675
1.1715 1.1741 1.1715 1.6116 1.6202 1.6116 1.6539 1.6649 1.6539
1.2587 1.2637 1.2587 2.5185 2.5941 2.5185 2.5537 2.6252 2.5537
1.3391 – 1.3391 4.5668 – 4.5666 4.5884 – 4.5883
1.3669 – 1.3670 5.9821 – 5.9885 5.9988 – 6.0057
01 1.5393 – 1.4635 222.5387 – 17.4420 222.5390 – 17.3877
1.7321 – 1.7321
2
arison of normalized SIFs ðKI=K0I Þ of exact Sih (1964), FEM (Dong and Denda, 1996), BEM (Denda, 2001) and the present method
ee collinear cracks
Tip A Tip B Tip C
Exact F/BEM Present Exact F/BEM Present Exact F/BEM Present
1.0230 1.0230F 1.0230 1.0335 1.0335F 1.0335 1.0453 1.0453F 1.0453
1.1103 1.1102F 1.1103 1.2835 1.2840F 1.2835 1.3214 1.3218F 1.3214
1.1644 1.1632B 1.1644 1.5645 1.5587B 1.5645 1.6068 1.6007B 1.6068
1.2587 – 1.2587 2.5185 – 2.5185 2.5537 – 2.5537
1.3391 – 1.3391 4.5668 – 4.5666 4.5884 – 4.5883
1.3669 – 1.3670 5.9821 – 5.9885 5.9988 – 6.0057
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(FEM) from Dong and Denda (1996) and the boundary element method (BEM) from Denda (2001).
For the ﬁrst four rows in Tables 1 and 2 the current method yields SIF values equal to the exact values
essentially to ﬁve digits. This is not true for the MKM, FEM and BEM methods as the accuracy of those
methods deteriorates noticeably when the ligaments become smaller and the inner crack tips become closer
to each other, as can be seen even in the second row in Table 2 for FEM from Dong and Denda (1996) (super-
script ‘F’, ligament width 25% of crack length) or BEM from Denda (2001) (superscript ‘B’, ligament width
11% of crack length) and the third row in Table 1 for MKM from Li et al. (2003) (ligament width 2.5% of the
crack length). The MKM method, however, performs much better than FEM or BEM. In subsequent rows of
these tables, we present exact results and results from the current method for much smaller ligaments than
reported by the authors cited above.
Regarding the accuracy of the present method, Table 1 shows that even when the ligament width is reduced
by a factor of 10 to just 0.25% of the crack width (ﬁfth line vs. third line), the present method is still more
accurate than the other methods for ligaments 10 times wider. For the extremely small ligament width ratio,
d/a = 106, the present method gives values that are only 5% too low for the outside tips, but for the inner tips
next to the inﬁnitesimal ligament the SIF values, though large, are too small by more than a factor of 10. Note,
however, that the distance between the closest allocation point and the tip is more than 600 times the ligament
width. Except for such extremely small ligaments, the present method is not only very accurate but also very
fast. The calculation time for each case was typically 30 s by MATLAB (Release 14) with a notebook PC (Intel
Pentium 4, 2.4 GHz CPU, 512 MB RAM).
In the limit of d! 0, the exact formulas above of Sih (1964) collapse analytically to the expected result of
normalized outer stress intensity factors equal to
ﬃﬃﬃ
3
p ¼ 1:7321 for a single crack of length 6a and 1 for the
inner tips separated by the vanished ligament. Using the formulas directly we found this to be ﬁnally accom-
plished to ﬁve digits when d/a = 1014. On the other hand, the last rows of Tables 1 and 2 show that even for
the ligament width ratios d/a = 0.005 and 106, the stress intensity factors for the outermost tips still fall short
of those for a single crack of length 6a by 21% and 11%, respectively.
Table 3 shows the eﬀects of including the physically based constraints (w/) at the joints between the crack
halves versus not including them (w/o). Despite the fact that relaxing the constraints increases the degrees of
freedom and the constraints only apply to the jump and slope terms in the ODP polynomials far from the
crack tips, the accuracy of the stress intensify factors for these tips nonetheless deteriorates for narrower lig-
aments relative to including the constraints.
4.2. A branched Y-crack
The second crack type we consider is a branched Y-crack as shown in Fig. 5. First, results from the present
method are compared to results obtained by Englund (2005) who used a sophisticated numerical integration
technique on the Fredholm integral equation of the ﬁrst kind (FIE) from his formulation as shown in
(Table 4). Note the high accuracy of our results using relatively few allocation points and basis terms. The
SIFs in Table 4 were obtained for M = N = 8 and n11 ¼ n21 ¼ 120. The eigenvalue, q, at the branch was taken
as 1 for each segment except for the last two rows where the branch wedges have singularities. Only one sin-
gularity arises for h = 120 and it is in Mode I with the associated eigenvalue (0.615731). For h = 150 bothTable 3
Comparison of normalized SIFs ðKI=K0I Þ of exact Sih (1964) and the present method with and without constraints for three collinear
cracks with very small ligament width (d)
d/a Tip A Tip B Tip C
Exact w/ w/o Exact w/ w/o Exact w/ w/o
0.01 1.3391 1.3391 1.3386 4.5668 4.5666 4.5642 4.5884 4.5883 4.5858
0.005 1.3669 1.3670 1.3632 5.9821 5.9885 5.9637 5.9988 6.0057 5.9806
0.001 1.4193 1.4155 1.4417 11.4291 11.4207 11.7625 11.4377 11.4223 11.7659
0.0005 1.4376 1.3999 1.3347 15.2107 13.9793 13.3219 15.2171 13.9687 13.3048
Fig. 5. A branched Y-crack.
Table 4
Comparison of normalized SIFs of the present method with FIE (Englund, 2005) at the branch tip, B, and normalized SIFs at the branch
wedge tip, O, for diﬀerent branch angles, h (b = a/2)
h F BI F
B
II F
O
I F
O
II
Present FIE (Englund, 2005) Present FIE (Englund, 2005) Present only Present only
15 0.731310 0.731315 0.087144 0.087145 N/A N/A
30 0.657812 0.657817 0.308693 0.308686 N/A N/A
60 0.287555 0.287556 0.559380 0.559384 N/A N/A
90 0.151385 0.151385 0.453265 0.453265 N/A N/A
120 0.387401 0.387401 0.106201 0.106202 1.438470 N/A
150 0.362139 0.362128 0.164443 0.164493 1.283925 0.001082
ðF I;II ¼ KI;II=r1YY
ﬃﬃﬃﬃﬃ
pc
p Þ.
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The associated SIFs are shown in Table 4. Note that the Mode I wedge singularities have exponents close to
1/2, and therefore, cannot be ignored in the physics of the fracture process. In fact, ignoring them in our for-
mulation, causes convergence problems. Englund (2005) mentions similar diﬃculties with convergence for
branch angles h > 90.
Results of the present method, FIE (Englund, 2005) and FEM (Daux et al., 2000) are also shown in Table 5
for diﬀerent geometries (b/a = 0.05, 0.2, 0.4, 0.6, 0.8, 1, 1.2; h = 15, 30, 45). Here we have obtained 4-digit
accuracy for relatively few allocation points and basis terms: n11 ¼ n12 ¼ 20, n21 ¼ n22 ¼ 0,M = N = 5. There are
only 40 allocation points on each arm. Since arms are very short (b/a = 0.05), the last 2 rows are calculated for
n11 ¼ n12 ¼ n21 ¼ 40, n22 ¼ 0,M = N = 7 to get stable results. As seen from this table, the shorter arms, the bigger
KI and the smaller KII for h = 45. For all angles here, KII’s are getting smaller as arms get smaller.
The following parametric study is performed for h 6 90 and b = a. Since none of the material wedge angles
exceeds p radians none of the wedges at the crack branch point have stress singularities. Thus the SIFs to con-
sider are only for the crack tips. Plots of these SIFs are shown in Figs. 6 and 7. In particular Fig. 6 shows SIF
values versus h for the cases r1XX ¼ 0:0, r1XX ¼ 0:5 and r1XX ¼ 1:0 while ﬁxing r1YY ¼ 1:0 and r1XY ¼ 0:0 (no shear
load). Since tip C is symmetric about the X-axis with respect to tip B, we need only provide SIFs at tip B. As
the transverse tension r1XX is increased relative to r
1
YY ¼ 1:0, we see a strong dependence of the various SIFs on
the angle h. An interesting observation is that for certain branch angles the results for KI for tips A and B are
virtually independent of r1XX . This occurs at h = h1 = 12 for K
B
I and at h = h0 = 67 for K
A
I .
Table 5
Comparison of normalized SIFs of the present method with FIE (Englund, 2005) and FEM (Daux et al., 2000) at the branch tip, B for
diﬀerent geometries
b/a Mode h = 15 h = 30 h = 45
Present FIE FEM Present FIE FEM Present FIE FEM
1.2 FI 0.7383 – – 0.6591 – – 0.4950 – –
FII 0.1205 – – 0.3493 – – 0.5105 – –
1.0 FI 0.7368 0.7367 0.750 0.6583 0.6583 0.659 0.4948 0.4948 0.493
FII 0.1147 0.1146 0.123 0.3428 0.3428 0.344 0.5059 0.5059 0.504
0.8 FI 0.7350 0.7348 0.736 0.6575 0.6576 0.660 0.4952 0.4952 0.494
FII 0.1067 0.1066 0.107 0.3335 0.3335 0.336 0.4983 0.4983 0.497
0.6 FI 0.7327 0.7326 0.735 0.6773 0.6574 0.659 0.4973 0.4973 0.498
FII 0.0951 0.0951 0.097 0.3191 0.3191 0.322 0.4849 0.4849 0.486
0.4 FI 0.7301 0.7299 0.752 0.6589 0.6590 0.659 0.5043 0.5042 0.502
FII 0.0769 0.0769 0.096 0.2948 0.2948 0.299 0.4595 0.4595 0.459
0.2 FI 0.7273 0.7272 – 0.6670 0.6671 0.674 0.5277 0.5276 0.532
FII 0.0430 0.0430 – 0.2465 0.2465 0.254 0.4046 0.4046 0.412
0.05 FI 0.7269 – – 0.6938 – – 0.5936 – –
FII 0.0176 – – 0.1550 – – 0.2973 – –
ðF I;II ¼ KI;II=r1YY
ﬃﬃﬃﬃﬃ
pc
p Þ.
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Fig. 6. SIFs at the tips of a Y-crack versus branch angle, h, for three values of r1XX , and where r
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YY ¼ 1:0 and r1XY ¼ 0:0.
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(no transverse tension). As r1XY is increased, K
A
I remains relatively unchanged, as might be expected, but K
B
I
and KBII change signiﬁcantly. Another interesting observation is that K
B
II is virtually independent of r
1
XY for
h = h2 = 33.
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Fig. 7. SIFs at the tips of a Y-crack versus branch angle, h, for three values of r1XY , and where r
1
YY ¼ 1:0 and r1XX ¼ 0:0.
6742 A.K. Yavuz et al. / International Journal of Solids and Structures 43 (2006) 6727–6750In this example we used M = N = 8 and n11 ¼ n21 ¼ 20 (q at the branch was taken as 1 for each segment).
With 3 segments the calculation time for each case was only 2 s and it took 40 s to calculate all SIFs and to
plot the graphs in Figs. 6 and 7. The method works well even for small angles (h < 4), though we do not show
this resolution in the graphs.
4.3. Two interacting kinked V-cracks
Since multiple crack interaction problems in the literature have typically been for straight cracks, there is a
strong need to analyze interactions among kinked cracks particularly in challenging conﬁgurations. Thus we
consider two particular cases of two interacting V-cracks in an inﬁnite plate, the ﬁrst with wedge angle
x = 120 as shown in Fig. 8, and the second with wedge angle x = 90 as considered later.Fig. 8. Two closely positioned kinked V-cracks in an inﬁnite plate.
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(2000) deﬁned by (16), and we haveKI
wq120
¼  2G
aq1ð1þ jÞ
ð2pÞð1q1Þq1ð1þ q1Þ
sin ðq1  1Þx0=2½ 
1 ðq1  1Þ sin ðq1  1Þx
0=2½ 
ðq1 þ 1Þ sin ðq1 þ 1Þx0=2½ 
 
ð36Þ
KII
wq210
¼  2G
aq2ð1þ jÞ
ð2pÞð1q2Þq2ð1þ q2Þ
sin ðq2  1Þx0=2½ 
ðq2  1Þ sin ðq2  1Þx0=2½ 
ðq2 þ 1Þ sin ðq2 þ 1Þx0=2½ 
 q2  1
q2 þ 1
 
ð37Þwhere x 0 = 2p  x. Our deﬁnition diﬀers from that used by other authors (e.g., Helsing and Jonsson, 2002) in
that our formulas have the factor (2p)1q rather than
ﬃﬃﬃﬃﬃ
2p
p
since q = 1/2 only for a crack tip.
In the ﬁrst case the loading is unit tension in the Y-direction, and e and h are horizontal and vertical sep-
aration distances, respectively, between the kink points B and E. Since the present wedge has angle x = 120 a
singularity exists only in Mode I with exponent q1 = 0.6157. In the numerical calculations we tookM = N = 8
and n11 ¼ n21 ¼ 20 to achieve accurate results.
Figs. 9–12 show plots of the various stress intensity factor values as the horizontal and vertical separations,
e and h, are varied. It can be seen that the region of signiﬁcant interactions is less than 6a · 4a (e < 3a at h = a
and h < 2a at e = 2a), and as might be expected, the strongest interaction eﬀects are seen for the least separated
points C, D and B. Some relative positions yield much larger SIFs than others, which is important with respect
to assessing damage conﬁgurations and their relative tendencies in promoting further crack growth and mate-
rial fracture. To appreciate the extent of interactions for paired conﬁgurations we have also plotted SIF values
for a single V-crack shown as bold lines representing K tipsI ¼ 1:2548, K tipsII ¼ 0:8456 at the crack tips and
KkinkI ¼ 0:4490 at the crack kink (Burton and Phoenix, 2000). Note that the wedge material is in compression
at the kink singularity.
An interesting observation from the SIFs in Figs. 9 and 10 is that a conﬁguration of two vertically stacked
V-cracks (e = 0, h = 1) appears to be safer than one V-crack under a far ﬁeld loading of unit tension as mutual
shielding takes place. Thus adding another crack to a system does not always mean that the system is weak-
ened. In this problem involving 4 crack segments and with the wedge correction terms, SIF calculations take
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6744 A.K. Yavuz et al. / International Journal of Solids and Structures 43 (2006) 6727–6750The second case is constructed to pursue the shielding eﬀect further, so we consider the particularly chal-
lenging situation of having two V-cracks of angle x = 90 stacked directly above each other e = 0 as shown in
Fig. 13. In this case both Mode I and Mode II singular stresses are possible in the lower wedge of the kink in
each crack, with corresponding exponents being q1 = 0.5445 (approximated by 43/79 in evaluating the inte-
grals in (7) in closed form) and q2 = 0.9085 (approximated by 10/11). Hence the Mode II behavior is only
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Fig. 13. Two closely positioned kinked V-cracks in an inﬁnite plate.
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ODP polynomials representing rotations and Poisson related eﬀects. We also applied the full constraints as
given in (20)–(23) in order to enhance the resolution of these fundamentally diﬀerent local wedge distortions.
The most challenging part of the problem was obtaining stable values for the Mode II SIFs for the wedge
tips, especially for small values of h/a. This required care in the choice of numbers of allocation points. Mode I
SIFs for the wedge tips were somewhat less sensitive and the Modes I and II SIFs for the crack tips were very
stable even for relatively few allocation points and degrees of freedom. No special reductions were employed
in the ODP series to take advantage of loading and geometric symmetries as the program was written to han-
dle all possible far-ﬁeld stress states.
Table 6
SIFs for two interacting V-cracks (x = 90) versus vertical distance, h, with e = 0 and under unit tension
h/a KA;CI K
D;F
I K
B
I K
E
I K
A;C
II K
D;F
II K
B;E
II
1 0.7762 0.7762 0.2043 0.2043 0.9556 0.9556 0
5 0.7654 0.7529 0.1812 0.1920 0.9254 0.9261 0
2 0.7541 0.6454 0.0703 0.1706 0.8331 0.8467 0
1.5 0.7542 0.5863 0.0292 0.1669 0.7932 0.8206 0
1 0.7490 0.5067 0.1218 0.1725 0.7509 0.8001 0
0.5 0.7057 0.5017 0.3443 0.2214 0.7234 0.7627 0
0.2 0.6622 0.6019 0.1907 0.2444 0.6809 0.6535 0
0.1 0.6483 0.6421 0.1259 0.2362 0.6505 0.5937 0
0.08 0.6436 0.6625 0.1221 0.2326 0.6418 0.5695 0
0.05 0.6375 0.7172 0.0121 0.2272 0.6269 0.5015 0
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aration h/a is varied from1 (values for a single V-crack) to 0.05 (where the thickness of the V-shaped bar in
between the cracks is about 3.5% of its two arm lengths). In this case only Mode I is excited at the kinks as the
table shows. In the computations we took M = N = 10 and n11 ¼ 30, n12 ¼ 90 and n21 ¼ 30 to achieve accurate
results.
The ﬁrst observation in Table 6 is that, at the crack tips, the Mode I SIFs do not change very much as the
tips on each side become very close to each other (h/a decreases). However, while the top tips increasingly (but
slowly) show the eﬀects of shielding, the shielding eﬀect for the bottom tips is at ﬁrst more rapid but eventually
reverses to be less than for the top tips. On the other hand, for the crack tips in Mode II the decreases in SIF’s
are much faster and the rate eﬀects on the top tips versus the bottom tips are reversed (though no magnitude
reversal occurs for the top tips).
For the wedge tips in Mode I, the eﬀects on the SIFs are more interesting and less monotonic in Table 6. As
h/a decreases, the V-shaped bar between the cracks essentially becomes unloaded in the thickness direction as
the normal tractions are zero. Thus the loading has to be induced from its ends at the crack tips and this is
largely driven by horizontal relative displacements connected to Poisson eﬀects. This brings the bar ends closer
together but eventually by a ﬁxed distance as the thickness h/a decreases. On the other hand, reducing the
thickness reduces stretching and bending stresses at the kink in the bar, and consequently, also in the tip of
the upper wedge (notch) at point B. This is reﬂected in KBI tending rapidly to zero, decreasing by a factor
of close to 20 compared to h/a =1. At the same time, the wedge or notch at point E acts more like a notch
in a rectangular plate or a plate with just one V-crack, which is what the values of KEI shows in Table 6 as h/a
becomes small.
Table 7 gives corresponding results for the case of simple unit shear ðr1XY ¼ 1Þ where again the V-crack sep-
aration h/a is varied from 1 to 0.05 again producing a V-shaped bar. In this case only Mode II is excited atTable 7
SIFs for two interacting V-cracks (x = 90) versus vertical distance, h, with e = 0 and under unit shear
h/a KA;CI K
D;F
I K
B;E
I K
A;C
II K
D;F
II K
B
II K
E
II
1 1.4892 1.4892 0 0.6527 0.6527 6.1557 6.1557
5 1.5136 1.5089 0 0.6549 0.6731 6.2855 6.2348
1 1.7218 1.0706 0 0.5176 1.0500 5.7835 6.5141
0.5 1.7678 0.3920 0 0.3958 0.8396 2.3667 6.4551
0.3 1.7370 0.1016 0 0.3570 0.6098 0.3359 6.1097
0.25 1.7204 0.0361 0 0.3527 0.5388 0.3142 6.1872
0.2 1.6994 ±0.0242 0 0.3521 0.4626 0.5781 6.3469
0.1 1.6410 ±0.1081 0 0.3732 0.3005 0.8050 6.2075
0.08 1.6256 ±0.1113 0 0.3853 0.2697 0.6893 6.1921
0.07 1.6171 ±0.1099 0 0.3932 0.2548 0.6017 6.1991
0.06 1.6079 ±0.1048 0 0.4031 0.2412 0.4668 6.1909
0.05 1.5983 ±0.0981 0 0.4147 0.2274 0.2476 6.1297
Table 8
SIFs of one V-crack (x = 90) under unit tension for various DOF and NAP with CPU times (CPU-T) in seconds
(M = N, n) DOF NAP F A;CI F
A;C
II F
B
I F
B
II CPU-T
3,10 22 140 0.522285 0.644005 0.136659 0 6.78
3,20 22 280 0.521814 0.643132 0.136668 0 13.60
3,30 22 420 0.521642 0.642817 0.136674 0 20.41
5,10 54 140 0.520766 0.641118 0.137000 0 13.79
5,20 54 280 0.520768 0.641116 0.136981 0 27.47
5,30 54 420 0.520768 0.641115 0.136970 0 41.19
7,10 86 140 0.520763 0.641118 0.136983 0 20.87
7,20 86 280 0.520767 0.641117 0.136965 0 41.77
7,30 86 420 0.520767 0.641116 0.136953 0 62.66
10,10 134 140 0.520748 0.641125 0.136981 0 32.78
10,20 134 280 0.520765 0.641117 0.136961 0 64.74
10,30 134 420 0.520767 0.641117 0.136949 0 96.62
ðF I;II ¼ KI;II=r1YY
ﬃﬃﬃﬃﬃ
pc
p Þ.
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n12 ¼ 150 and n21 ¼ 30 to achieve accurate and stable results. Also, possible crack interference was ignored.
At the crack tips, Table 7 shows that the Mode I SIFs for the upper crack change very little as (h/a
decreases), but for the lower crack the eﬀect is dramatic as the Mode I SIFs decrease past zero, switching sign
at h/a  0.22 but returning closer to zero for smaller h/a. For the crack tips in Mode II decreases in SIF’s
occur for both the upper and lower tips but are much faster for the bottom crack though remaining signiﬁ-
cantly diﬀerent from zero.
For the wedge tips the singular behavior is in now Mode II. Again as h/a decreases, the V-shaped bar
between the cracks essentially becomes unloaded in the thickness direction and again the loading has to be
induced from its ends near the crack tips and this is largely shear-driven, anti-symmetric, relative displace-
ments that also approach a limit as h/a becomes small. Once again reducing the bar thickness h/a reduces
anti-symmetric stretching and bending stresses at its kink and KBII at its notch point B eventually tends to zero,
dropping by a factor of about 24 relative to h/a =1. At the same time, the singular behavior of the wedge or
notch at point E is more like that of a notch in a rectangular plate or a plate with just one V-crack. Table 60 25 50 75 100 125 150
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Fig. 14. Illustration of the complexity of OðNÞ for one kinked V-crack for both DOF and NAP.
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smaller perhaps than for KEI in Mode I because Poisson eﬀects are less relevant.
Results for a single kinked V-crack (with shape similar to those in Fig. 13) are presented for diﬀerent cases
of degrees of freedom (DOF) and total number of allocation points (NAP). These compare favorably in Table
8 with Englund’s FIE results, which involved numerical integration (Englund, 2003a). Englund obtained
KI=r1YY
ﬃﬃﬃﬃﬃ
pc
p
= 0.520768 at the crack tips with approximately 1000 discretization points (Englund, 2003a). In
Englund (2003b), where wedge singularities were considered so as to use far fewer discretization points, both
SIFs are given as KI=r1YY
ﬃﬃﬃﬃﬃ
pc
p ¼ 0:5207675522 and KII=r1YY
ﬃﬃﬃﬃﬃ
pc
p ¼ 0:6411159455 at the crack tips. Note that
the present method gives SIFs not only for tips A, C but for the wedge B also.
Fig. 14 plots CPU-time versus DOF for diﬀerent NAP values, as given in Table 8. It is clearly seen that the
present method has complexity OðNÞ, where N is NAP or DOF. This is because all integrals in (7) are in
closed form (see Eqs. (17)–(19)). Also solving the algebraic equation system by The Least Squares Method
uses a powerful MATLAB algorithm. In these calculationsM = N and n11 ¼ n, n12 ¼ 5n and n21 ¼ n are chosen.
Then, DOF = 16N  26 which is reduced by 10 because of constraints and NAP = 14n (7n allocation points
on each crack segment). The last column in Table 8 shows OðNÞ complexity for NAP versus CPU-T.
4.4. Multiple interacting cracks of assorted shapes
Fig. 15 shows a multi-crack array in an inﬁnite plate involving a kinked V-crack located by the array two
skewed single cracks and one branched Y-crack. The arms have length 1, and the kink and branch location
points as well as the arm angles are as shown. The far-ﬁeld loading is r1XX ¼ 0:5, r1YY ¼ 1:0 and r1XY ¼ 0:25 as
shown. Cracks in the array are much more closely spaced in Fig. 15(b) than in Fig. 15(a). In the computations
we chose M = N = 8 and n11 ¼ n21 ¼ 20 and again the calculations were fast. It took only 23 s for such a com-
plicated problem having nine segments with a branch and a singular kink.
Tables 9 and 10 present the respective SIF results for Fig. 15(a) and (b) as well as for inﬁnite spacing (each
crack alone). Clearly the SIFs for the various crack tips and the kink are aﬀected diﬀerently. The biggest
changes seem to occur with points Q in Mode I and P in Mode II where the corresponding SIFs decrease
by more than a factor of 10 as both appear to become shielded by tightening the conﬁguration. The physical
reason for this is not easily explained by simple arguments.
As far as we know these are the ﬁrst published results for multiple interacting cracks with loading and geo-
metric features of this type. The works of Hills et al. (1996), Chen et al. (2003) and Helsing and Jonsson (2004)
do not include any kinked and branched crack in their multi-crack geometries, though the ﬁrst mentions the
possibility. Clearly the current method is capable of treating arbitrary arrays and may be useful in failure sim-
ulations in materials once random seed cracks and crack growth laws are incorporated.a b
Fig. 15. (a) Loose, and (b) tight conﬁgurations of several interacting cracks including a kinked V-crack, a branched Y-crack and two
skewed single cracks in an inﬁnite plate.
Table 10
Crack tip SIFs (KII’s) for multiple cracks for loose (a) and tight (b) conﬁgurations
A B C D E F G P Q R
(0) 0.2689 – 0.5622 0.6053 0.6053 0.4431 0.4431 0.6777 0.6480 0.1968
(a) 0.2981 – 0.4543 0.5423 0.5713 0.4658 0.4491 0.7939 0.6962 0.2275
(b) 0.2574 – 0.6658 0.2251 0.3207 0.5737 0.3502 0.0420 0.4570 0.0835
Table 9
Crack tip SIFs (KI’s) for multiple cracks for loose (a) and tight (b) conﬁgurations
A B C D E F G P Q R
(0) 1.4601 0.8650 0.6387 1.1672 1.1672 1.7725 1.7725 0.9926 0.6692 0.7766
(a) 1.3261 0.9591 0.7264 1.2647 1.2376 1.7175 1.7595 0.9290 0.7154 0.6993
(b) 1.7990 1.0446 0.5383 0.5961 1.2930 2.0942 1.6276 1.0289 0.0521 0.4231
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We have used a recently developed method to study crack interactions in certain crack conﬁgurations in an
inﬁnite plate such as the branch arms of a branched Y-crack and the tips of 2 stacked kinked V-cracks and a
special array of straight, kinked and branched cracks under various far ﬁeld loadings.
The accuracy and eﬃciency of the method have been demonstrated with certain examples of strongly inter-
acting cracks (i.e., small angles between crack arms and small distances between cracks) including conﬁgura-
tions in the literature that have been treated recently by other methods, i.e., MKM, FEM, BEM and FIE
techniques. Our method has fast computation times using MATLAB (Release 14) on a notebook PC (Intel
Pentium 4, 2.4 GHz CPU, 512 MB RAM) because of using appropriate functions for opening displacements.
These include both polynomials and wedge power series terms whose exponents (eigenvalues) are approxi-
mated by rational numbers to allow evaluation of key integrals by means of closed form expressions rather
than numerical integrations. SIFs for the assorted multiple crack problem have been obtained and parametric
studies have been performed and presented in ﬁgures and tables in order to show interaction levels among
cracks.
Commenting about crack coalescence, Kachanov (2004) points out similar slow convergence as seen in
Tables 1 and 2 corresponding to Fig. 4 but for a small ligament between just two cracks. He notes that com-
putational schemes, which attempt to treat a kinked or zigzag crack as though it were a sequence of angled
short straight cracks with inﬁnitesimal ligament lengths are likely to encounter numerical diﬃculties. In our
method, this shows up as a major diﬀerence in the terms and powers in the ODP basis series for one setup
versus the other. In the latter setup there are no jump and slope terms to model the actual opening that occurs
at the kink and the eigenvalues of the wedge singularity play no role (and in any case are not 1/2 as the second
setup assumes). As Kachanov points out, though one may question the physical signiﬁcance and realism of
such a small ligament, the structural diﬀerence in the solution method required for the two cases is mathemat-
ically important as is clear from the last two rows in Table 1, which in the present method uses setup two for
the second last row and setup one for the last. Methods that do not distinguish these subtle diﬀerences are not
likely to be able to treat cracks with multiple kinks.
It should be noted that beyond a certain point accuracy is not typically improved by indiscriminately
increasing the number of power series terms M or N or the number of allocation points n11, n
1
2, n
2
1 and n
2
2.
Numerical roundoﬀ in the matrix calculations as well as approximation errors in the wedge eigenvalues even-
tually aﬀect the values of crucial coeﬃcients in the power series generating the SIFs.
In the future, the method will be developed to analyze interactions among multiple curved U-cracks in inﬁ-
nite and ﬁnite plates and multiple linear kinked V,Y,Z-cracks in ﬁnite plates. Curved cracks will be represented
by many short straight crack segments with kink angles near p so wedge singularities will be nearly negligible.
Plate edges will be treated as kinked crack segments with the tractions modiﬁed to reﬂect the prescribed BCs as
prescribed on the edges the ﬁnite plate in the interior. Although ancillary to the problem the inﬁnite region
6750 A.K. Yavuz et al. / International Journal of Solids and Structures 43 (2006) 6727–6750exterior to this ﬁnite plate must have stress singularities properly represented to render the correct tractions on
the ﬁnite plate boundary.
Acknowledgements
The authors would like to thank to the reviewers for helping the paper strengthen. This work has been sup-
ported under the ‘‘Institute for Future Space Transport’’, a NASA University Institute funded under Coop-
erative Agreement NCC3-994.
References
Burton, J.K., Phoenix, S.L., 2000. Superposition method for calculating singular stress ﬁelds at kinks, branches and tips in multiple crack
arrays. International Journal of Fracture 102, 99–139.
Chen, Y.Z., Hasebe, N., Lee, K.Y., 2003. Multiple Crack Problems in Elasticity. WIT Press, Southampton.
Daux, C., Moe¨s, N., Dolbow, J., Sukumar, N., Belytschko, T., 2000. Arbitrary branched and intersecting cracks with the extended ﬁnite
element method. International Journal for Numerical Methods in Engineering 48, 1741–1760.
Denda, M., 2001. Mixed mode I, II and III analysis of multiple cracks in plane anisotropic solids by the BEM: a dislocation and point
force approach. Engineering Analysis with Boundary Elements 25, 267–278.
Dong, Y.F., Denda, M., 1996. Computational modeling of elastic and plastic multiple cracks by the fundamental solutions. Finite
Elements in Analysis and Design 23, 115–132.
Englund, J., 2003a. Fast, accurate and stable algorithm for the stress ﬁeld around a zig-zag-shaped crack. Engineering Fracture Mechanics
70, 355–364.
Englund, J., 2003b. Large scale computations for cracks with corners. In: Gallego, R., Aliabadi, M.H. (Eds.), Advances in Boundary
Element Techniques, BeTeQ IV. Queen Mary University of London, pp. 71–76.
Englund, J., 2005. Stable algorithm for the stress ﬁeld around a multiply branched crack. International Journal for Numerical Methods in
Engineering 63, 926–946.
Helsing, J., 2000. Fast and accurate numerical solution to an elastostatic problem involving ten thousand randomly oriented cracks.
International Journal of Fracture 100, 321–327.
Helsing, J., Jonsson, A., 2002. On the computation of stress ﬁelds on polygonal domains with V-notches. International Journal of
Numerical Methods in Engineering 53, 433–454.
Helsing, J., Jonsson, A., 2004. A seventh order accurate and stable algorithm for the computation of stress inside cracked rectangular
domains. Journal of Multiscale Computational Engineering 2, 47–68.
Hills, D.A., Kelly, P.A., Dai, D.N., Korsunsky, A.M., 1996. Solutions of Crack Problems: The Distributed Dislocation Technique.
Kluwer Academic Publishers, Dordrecht.
Kachanov, M., 2004. On the problems of crack interactions and crack coalescence. International Journal of Fracture 120, 537–543.
Li, Y.P., Tham, L.G., Wang, Y.H., Tsui, Y., 2003. A modiﬁed kachanov method for analysis of solids with multiple cracks. Engineering
Fracture Mechanics 70, 1115–1129.
Murakami, Y., 1987. Stress Intensity Factor Handbook. Pergamon, Oxford.
Sih, G.C., 1964. Boundary problems for longitudinal shear cracks. In: Proceedings of Second Conference on Theoretical and Applied
Mechanics. Pergamon, New York.
TerMaath, S.C., 2000. A two-dimensional analytical technique for studying fracture in brittle materials containing interacting kinked and
branched cracks. Ph.D Dissertation, Cornell University.
Williams, M.L., 1952. Stress singularities resulting from various boundary conditions in angular corners of plates in extension. ASME
Journal of Applied Mechanics 19, 526–528.
